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Abstract: In this paper we prove some results on the existence of a dense set of pairs in the
product of an infinite-dimensional complex Banach space with its dual space such that each
pair of this set has an n —tuple weak orbit tending to infinity for specific countable family of

mutually commuting bounded linear operators.
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1. Introduction

Let X be an infinite-dimensional Banach space over the field of complex numbers C ,
B(X) the algebra of all bounded linear operators on X and X* its dual space, i.c., the space of
all bounded linear functionals x*: X — C. For the direct product X X X* we assume that is
endowed with the product topology. As usually, if x € X and x* € X*, we will denote
(x,x*) :==x"(x). If T € B(X), then o(T) and r(T) will denote the spectrum and the spectral
radius of the operator T, respectively.

IfT,,T,, ..., T,, € B(X) are mutually commuting operators, n —tuple orbit of the vector

x € X (or, the orbit of x under the n —tuple T = (T4, T,, ..., T;,)) is the set
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Orb({T}y, x) = {TJ*T) . T x:k; 2 0,1 < i < n}. (1.1)

The n —tuple orbit tends to infinity if

limy, o || T T, .. Ty x| = oo, forall k; > 0, #1,1<i,j <n.

For n = 1, the n —tuple orbit (1.1) reduces to a simple sequence of form
Orb(T,x) ={T"x:n=0,1,2,...},
usually referred as single orbit (or, simply orbit) of the vector x € X under the operator T.
The n —tuple weak orbit of the pair (x,x*) € X X X* (or, the weak orbit of the pair
(x,x*) under the n —tuple T = (T4, T, ..., T;,)) is the set
Orb({T}Ly, %, %) = (T T} . Tmx, x"):ky = 0;1 < i < mb (1.2)
The n —tuple weak orbit tends to infinity if
limy, o0 (T, Ty . T2, x")| = oo, forallk; >0,/ #i,1<i,j <n.
For n = 1, the n —tuple weak orbit (1.2) reduces to a sequence of form
Orb(T,x,x*) = {{T™x,x*):n=0,1,2,...},
usually referred as weak orbit of the pair (x, x*) € X X X* under the operator T.

In [5] we gave only a brief survey without proofs of some results on the existence of a
dense set of pairs (x,x*) € X X X* each having a single weak orbit tending to infinity under
every operator of a specific sequence of operators in B(X). In this paper we are going to give
an appropriate generalization for n —tuple weak orbits only of the results in [5] that do not

involve any requirements upon specific subsets of the spectra of the operators.

2. Preliminary Results

Lemma 2.1. ([2, Lemma V.37.15]) Let € > 0 and (a,),»1 be a sequence of positive numbers
satisfying Yops1an < € Then there is a sequence of positive numbers (by)psq1 Such that

b, » ©asn — o and Y,,»1 apb, <&
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Theorem 2.2. ([2, Theorem V.39.5]) Let X and Y be Banach spaces and (T,)n=1 be a
sequence of operators in B(X,Y). Let (a,),»1 be sequence of positive numbers with
Yot a,ll/2 < 0. Then there are x € X and y* € Y* such that

KTux, y M = an||Tyll, foralln = 1.

/

Moreover, given balls B € X and B* € Y* of radii greater than Y.,s, a,l1 2 < oo, then it is

possible to find x € B and y* € B* with this property.

Corollary 2.3. ([2, Corollary V.39.6]) Let X and Y be Banach spaces and (T,)ns1 be a
sequence of operators in B(X,Y) satisfying ¥%_,||T,||"Y/? < oo. Then there exist x € X and

y* € Y* such that |{T,x, y*}| = 0. Moreover, the set of such pairs (x,y*) is dense in X X Y*.
3. Main Results for N-Tuple Weak Orbits

Let F ={1,2,...,N} forsome NEN,N > 2 or F =N.

Theorem 3.1. If X is a Banach space, {T;:i € F} € B(X) and {(ai,j)jﬂ: i€ F} is a family of

sequences of positive numbers such that ¥er j>1 ai1§2 < oo, then for every open ball B € X and

1/2 there are x € B and

every open ball B* < X* with radii strictly larger then Yicp j>1 a;;

x* € B* such that

[(T¥x,x*)| = ay,||TF||, for all i € F and k € N.

1/2

Proof. Let B C X and B* C X™ be open balls, each with radius strictly larger then Yiep j»1 @; i

and put T; ;, = TF,i € F,k €N. Let f: F x N > N be the bijective mapping defined with:
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i+NG—-1), ifF ={12,...,N},
fGN =10+ -0+ -1
2 , ifF =N,

and g: N — F X N denote its inverse. If (a,,),»1 1s a sequence of positive numbers and (S,,),»1
is a sequence of operators defined with

Uy = Qg and Sy, = Ty, foralln €N,
then ;51 a711/2 = Yier,j>1 ailjz < oo and hence (by Theorem 2.2, applied on (0,) ;s 1, (Sp)ns1

and X =Y) there are x € B and x* € B* such that

[(Spx, x*)| = a,||S,]l, foralln > 1.
Given (i, k) € F x N and n = f(i, k), these inequalities, along with the definition of (at;)ps 1
and (S,,)ns 1, Will give
[T, )] = [T, )] = [Ty, x| 2 agon | Ty || = aus [Tl

which completes the proof. ]

Theorem 3.2. [f X is Banach space and {T;:i € F} c B(X) is a family of operators such that

Z?=1||Tik||_1/2 < o, for all i € F, then there is a dense set D € X X X* such that the weak
orbit Orb(T;, x, x*) tends to infinity for every pair (x,x*) € D and every i € F. If, in addition,
{T;:i € F} is a family of mutually commuting operators such that the sequences (T} — Tjk)kzl
are norm bounded for all i,j € F, then for every n € F, every 1 <m <n and every pair
(x,x*) € D, the m —tuple weak orbit Orb ({Tij}}’;l, x,x*) tends to infinity for all 1 < i; <

i2<"'<im<n.

Proof. To prove the first assertion let € > 0, B € X and B* € X* be open balls each with a
radius €. For i € F, let g; > 0 be such that

i) <
€ —— | <=,
\& ) T

k=1
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and, by Lemma 2.1, let (b;}),=1 be the sequence of positive numbers such that b;; — o as
k — oo and

L
Dk €
_ < -,
; ”le||1/2 21.+1

3.1)
For (i,k) € F X N, put a;; = s-zbizk”T-k”_l. Then by (3.1) we have
2, A= ZZ < Y g <5
i€EF k=1 IEF k=1 |Tk” i€EF

Hence, by Theorem 3.1, there are x € B and x* € B* such that

[Tfx, )| = a||TH|| = €262 TE 7 ||| = e2bi, forall i € F and k > 1
Letting k — oo, we obtain

3.2)

If, in addition, {T;:i € F} is a family of mutually commuting operators such
that the sequence (T} —

)k>1 1s norm bounded for all i,j € F, let M; ; > 0 be such
that ||TF —

T¥|| < My, for all k >0, and let (x,x*) € X x X" be a pair satisfying
(3.2). We continue by induction.

Letm=2and 1 <i; <i, <n.Then
[T e, x0)| < (e =TT, )] + [T )|
= (T2 (1) = 1/2)x, x)| + (T T 2%, 20|

< |- fimye - e

T el « el + (T
< 1T I+ My = el Dl + (T

Since |(T”x X )| — o0 as n - oo (hence |(Tilfl+k2x,x*)| — oo as k, —» o, for all k; = 0), the
above inequalities imply that

kz

|(T£1Ti’:2x,x*)| — 0, as k, » oo, forall k; =0
Similarly,
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= (T2 (T = T
k k k k
< T2 N7 = Tl el el + I<T :
k kimk
ST 17 - My iy - el Ml + (T, T2, x )I
imply that

|(T£1Ti’:2x,x*)| — o0, as k; - oo, forall k, = 0.
To complete the proof, it is enough to show that the claim is true for m = n, under an inductive

assumption that the (n — 1) —tuple weak orbit Orb ({T g L Lx *) tends to infinity for all

1<i;<i, < <ipy <n. For fixed i € {1,2,..,n} and ky, ky, ..., k
je{1,2,..,n}\{i}, we have

ki k1—1 kipkit1 kn
(T, T Th.. T x,

>0 and arbitrary

i+1 " 'n

|<Tk1 kl 1Tkl.Tkl+1 Tknx—leszkz.. Tkn

k1mk k
+ (1T, T

= |(T"1 TrT)in ...Tk”(T.k"—Tik") :

i+1 n Jj

k k_ k k ki ki
] [t e o B kel RETREY

k1mk k
+ (1T, T

k1mk k
+ (1T, T

kn

n
HIITpII"” M- Nl Nl + (T Ty T
pel

Since j € {1,2,...,n}\ {i},

(T T 1Tk‘TlIfr‘I'1. Ty, x*) € Orb({Ty, .., Tyeyy Trsns oo, Tuh, %, x7),

and since, by the inductive assumption, this (n — 1) —tuple weak orbit tents to infinity, we
have

(T TP T T, )| > 00, a5 ky > o0, forall k; > 0, ) # i.
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This, together with the above inequalities implies that
|(T1k1T2kz...T,f"x,x*)| - ,as k; > oo, forallk; >0, #i.
which completes the proof. ]
Corollary 3.3. I X is Banach space and {T;: i € F} ¢ B(X) is a family of operators such that
r(T;) > 1 for all i €F, then there is a dense set D C X X X* such that the weak orbit
Orb(T;, x,x*) tends to infinity for every pair (x,x*) € D and every i € F. If, in addition,
{T;:i € F} is a family of mutually commuting operators such that the sequences (T} — Tjk)kzl
are norm bounded for all i,j € F, then for everyn € F, every 1 < m < n and every pair
(x,x*) € D, the m —tuple weak orbit Orb ({Tij};-’;l, x,x*) tends to infinity for all 1 <1i; <
i < <iy<n
Proof. By Theorem 3.2 it is enough to show that an operator T € B(X) with spectral radius
r(T) > 1 satisfies: Y2, ||T™||7Y/2 < co. If r(T) > 1, then there is A € o(T) such that |A| > 1.
Clearly |A|'/?2 > 1 and hence the series Y*°_,|A|™?2 converges. On the other hand, by the
Spectral Mapping Theorem, A™ € ¢(T™) for all n € N. Hence [A|® <7 (T") < ||IT"|| and
ToallTHI™Y2 < To, A ™2 < oo u
4. Few Remarks on N-Tuple Orbits Tending to Infinity
The inequalities of form
(T T x| < ||T T || - ]l G x™) € X x X* k2 0,1<i <n,
clearly imply that the n —tuple orbit Orb({T;}{~,, x) tends to infinity whenever there is x* € X*
such that the n —tuple weak orbit Orb({T;}i-,, x, x*) tends to infinity. Hence, in the light of the
results from the previous section, we can state the following alternative results for n —tuple

orbits tending to infinity to a part of the results in [7].

Theorem 4.1. [f X is Banach space and {T;:i € F} c B(X) is a family of operators such that

Z?=1||Tik||_1/2 < o, for all i €F, then there is a dense set D € X such that the orbit
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Orb(T;, x) tends to infinity for every x € D and every i € F. If, in addition, {T;:i € F} c B(X)
is a family of mutually commuting operators such that the sequences (T — Tjk)kZl are norm
bounded for all i,j € F, then for everyn € F, every 1 <m < n and every x € D, the m —tuple
orbit Orb({T; }j2,, X) tends to infinity for all 1 < iy < iy < - <lip < 1.

Corollary 4.2. If X is Banach space and {T;: i € F} ¢ B(X) is a family of operators such that
r(T;) > 1 for all i € F, then there is a dense set D C X such that the orbit Orb(T;, x) tends to
infinity for every x € D and every i € F. If, in addition, {T;:i € F} ¢ B(X) is a family of
mutually commuting operators such that the sequences (T} — Tjk)kZl are norm bounded for all
i,j EF, then for every n€F, every 1 <m<n and every x € D the m —tuple orbit
Orb({Tij}}’;l, X) tends to infinity forall 1 < i; <i, <+ <ip <n.
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