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OPTIMIZATION PROBLEMS IN HIGH SCHOOL CLASSROOM 

Gordana Nikolovska 1 

Irena Stojkovska 2 

Optimization means determining the best result of a process, in 
accordance with given conditions. In mathematics, it is determining the 
minimum or maximum of a function by which we describe the process. We 
optimize our activities every day. Maximizing benefits, minimizing costs, 
saving time, and other forms of optimization are in everyone’s interest daily. 
Therefore, modeling and optimization techniques are of a great benefit to young 
people, especially high school students, in order to socialize and adapt 
successfully in the society, [3].  

This paper gives an overview of several examples which present different 
types of optimization problems, appropriate for high school students. The given 
examples can be solved using different arithmetic or algebraic strategies, 
depending on the age of the students. Presented problems correspond to the 
application of the learned mathematical concepts, therefore we believe they 
would be interesting for most students. Moreover, we are certain that the 
challenges of optimization problems would be of a great importance for 
students’ motivation in studying mathematics. 

1. INTRODUCTION

Practically oriented problems represent an important part of mathematical
problems in which students see the value of scientific knowledge for the reality 
that surrounds them, as well as the interactions between sciences. Solving them, 
and solving optimization problems as one of them, requires implementing all 
stages of the mathematical modeling approach. The necessary steps for solving 
an optimization problem are [3]: 

1) Set the optimization problem conceptually, i.e. formulate an optimization
goal and formulate constraints on the variables and parameters of the 
optimization object. 

2) Define the unchangeable part of the optimization object fully and
determine the variable part of the optimization object.  

3) Select the mathematical method and construct a mathematical model of
the optimization object, i.e. describe the optimization object in the language of 
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the chosen mathematical method. 
4) In accordance with point 3, determine the type and nature of restrictions

imposed  in  this  problem  on  the  variable  characteristics,  and  parameters  of 
the process or system. 

5) In accordance with points 3 and 4, formulate and formalize the criterion,
to choose the method of solution and formally set up the problem of 
optimization. 

6) Develop an algorithm to solve the optimization problem.
7) Work out this algorithm or develop a program to solve the optimization

problem on a computer. 
8) Formulate the answer.
We should note that mathematical modeling approach is a non-linear

process, which means that at some point, one might have to go back and make 
changes in the model or solution in order to get more accurate mathematics 
representation and solution of the problem, [2].   

2. OPTIMIZATION PROBLEMS AND RESULTS OF THE STUDY

We have formed a list of optimization problems related to linear
equations, linear inequality with one or two variables, linear function, quadratic 
function, two dimensional analytical geometry, trigonometry, and area of plane 
figures. The students that were solving the problems are first year students in a 
secondary school (15 years old) and third year in a secondary school (17 years 
old), in a High school in N. Macedonia. Our main goal was to encourage the 
older third year students to apply their newly gained mathematical knowledge 
on real world problems, and the younger first year students to try to solve the 
problems in different way using their more elementary knowledge (they have 
less topics covered than the students from the third year). We wanted to 
examine students skills to apply mathematical knowledge in solving real world 
optimization problems as well as the level of motivation for solving 
optimization problems since they contain questions that are hard to give up 
answering.  

In this paper, we present several optimization problems that cover 
different topics (Table 1).  

After each problem, a solution of the problem and some of the students 
answers (along with their discussions) are given. Qualitative analysis of 
students’ answers has been made by comparing their answers with the solution 
of the problem, taking into account that different solutions of the problem are 
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possible. The level of motivation is “measured”  with  the average  duration of 
time  spent on solving the problem, and questions asked while solving the 
problem. 

Problem Topics
1 Linear functions, Linear equations, Linear inequalities 
2 Linear inequalities 
3 Quadratic functions, Number patterns 
4 Linear programming, Linear functions, Linear 

equations, Linear inequalities, Analytic geometry 
5 System of linear equations, Analytic geometry, 

Quadratic functions 
6 Trigonometry, Area of plane figures 

Table 1. Topics covered by each of the presented problems. 

Problem 1. Speakers. During the summer vacation, Luka works in the 
café I where he receives a daily wage of 650 denars. Every day he pays 40 
denars for public transportation in each direction from home to the I and back. 
He also buys a meal at the price of 110 denars per day.  

a) If Luka saves all the money he has left after the expenses for food and
transportation, how many days does he need to work in the I in order to be able 
to buy speakers at a price of 8200 denars? 

b) What is the minimum number of days he has to work to buy the
speakers, if he travels by bicycle instead of by bus? 

Solution. Let x  denotes the number of days Luka should work in the café 
to buy the speakers. In situation a), each day Luka has 650 2 40 110 460   
denars left after he pays for transportation and food. After x  days Luka will 
have 460 x  denars left. The price of the speakers is 8200 denars, so x  must 
satisfy the following inequality 460 8200x , which is equivalent to 

17,826...x  Note that x  is an integer, so the smallest integer that satisfy the 
last inequality is 18.x  The answer is that Luka should work at least 18 days to 
be able to buy the speakers. In situation b), each day Luka has 650 – 100 = 550 
denars left. Same reasoning as before leads to the answer that Luka needs to 
work at least 15 days to be able to buy the speakers.  

Analysis of students’ answers. This is a problem that corresponds to the 
topics about linear function, linear equation, and linear inequality. The students 
did not write any mathematical model as equation or inequality at the beginning.  
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Each of the students calculated the money that Luka earns each day after he 
pays for transportation and food i.e. 460 denars. For the rest of the solution, 
students usually took two strategies. One of the strategies was trial and error, 
[6]. In this case, the students are guessing the number of days x  and they 
compare the product 460 x  with 8200. If 460 8200x , that would be the 
exact correct guess and the problem is solved. If 460 8200x , then they 
increase the product by 460, and add another day to the value x . If 
460 8200x , they just decrease the product by 460. The search stops if either 
460 8200x  or 460 8200x , for the smallest natural number x  that satisfies 
the inequality. Another group of students who wanted to save time and energy 
for calculations, simply did the division 8200:460. They discussed that if the 
quotient is an integer, that would be the answer, but if the quotient is a decimal 
number, then they will take the next integer as an answer. This was an 
interesting opportunity to introduce the terms for floor and ceiling function, at 
least for positive numbers, since the needed value for x  can be written as a floor 
function 8200 : 460 . 

After students solve the problem in “their” way, we pointed out that the 
mathematical optimization model for the problem is to find the smallest integer 
x  such that the following inequality 460 8200x  is satisfied. Then it was 
easy to make the modifications for the question b) and solve it. 

Problem 2. Taxi ride. The price of a taxi ride is 20 denars per passenger 
plus 25 denars for each kilometer traveled. A group of friends has a total of 520 
denars.  

a) Compose a linear inequality that will represent how many kilometers
y  can one travel if the taxi group has x  friends. 

b) If there are three friends in the group, how many kilometers can they
drive by taxi? 

c) If a group of friends wants to travel 13 km, what is the maximum
number of friends that group can have? 

d) If a group of friends wants to travel 15 km and the taxi vehicle is a van
with capacity of 7 seats including the driver, what is the maximum number of 
friends that group can have? Will the group have any money left after the ride? 

Solution. Under given prize conditions, a group of x  friends, can travel 
y  kilometers, only if 20 25 520x y . Solving b) means to find the greatest 
y such that the following inequality 20 3 25 520y  is satisfied, which is 

equivalent to 18,4y , and the answer is that three friends can travel maximum 
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18,4 kilometers. To solve c) we have to find the greatest integer x  such that 
20 25 13 520x , which is equivalent to 9,75x , and the answer is that the 
group can have maximum 9 friends. To answer the question d), we have to find 
the greatest integer x  such that 20 25 15 520x  and 6x . The first 
inequality is equivalent to 7,25x , but taking the second constrained 6x , 
we conclude that the maximum number of friends is 6. In that case, the group 
will have 520 (20 6 25 15) 25  denars left.  

Analysis of students’ answers. The questions in this problem have been 
designed to lead students through the modeling process. After developing the 
linear inequality in a), the questions b) and c) are modifications of the initial 
inequality, using just one variable. Here, the students discussed the number sets 
where the solutions belong. The number of kilometers can be decimal number, 
but the number of people in the group must be a natural number. The question 
d) is an intention to make the students think more about the sense of the answer
under additional constraints. Here, the possibilities for answers are more limited
(maximum 6 passengers in the van), so the students prefer to find the answer by
checking the possibilities, i.e. the intuitive idea of almost all of the students was
to check if the group can have 6 friends so that the van will be full.

Problem 3. Tomato garden. Nikolina wants to plant a tomato garden in 
one day. With her furrowing machine, she digs out each row and each column to 
space the roots evenly, so that each root has enough room to grow. How many 
rows and columns should Nikolina make in her garden, so that she can plant the 
maximum number of roots, if the furrow machine has the energy capacity to dig 
a total of 50 rows and columns in one day? 

Solution. Let x  denotes the number of rows and y  denotes the number 
of columns. Then the number of roots that can be planted is x y . The problem 
is to find the positive integers x  and y  that maximize the product x y  under 
the condition 50x y . From the condition 50x y  we get 50y x , 
hereby the problem is equivalent to finding the positive integer x  such that 

2(50 ) 50x x x x  is maximized. Since / 2x b a  maximizes the quadratic 

function 2ax bx c , the answer is that Nikolina should dig 25x  rows and 
25y  columns, to maximize the number of tomato roots.  

The same model can be used for the problem: „Of all the rectangles with 
perimeter 100 and integer lengths, determine the one with maximum area.” 
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Analysis of students’ answers. After modeling the problem as a 
quadratic function, it turned out the students can not use the quadratic function 
since they haven’t studied it yet.  The younger students modeled the problem as  

 a number pattern question. Namely, they analyzed both sequences of products:  

1 49 2 48 3 47 ...  
49 1 48 2 47 3 ...  

Both patterns are made by listing the possible values for number of rows and 
columns by increasing/decreasing by 1, keeping the sum equals to 50. Students 
who analyzed the problem this way, were getting greater values for the product. 
They noted that there are 50 products to check (in this stage they did not make 
correct prediction for the number of different products!). Further, they realized 
that these sequences cannot be increasing until the end, since the last product is 
the same as the first one, so they also wrote the last few products: 

Rows ( r ) 1 2 3 … 47 48 49 
Columns ( c ) 49 48 47 … 3 2 1 
Product ( c r ) 49 96 141  141 96 49 

 

 

Figure 1. Using Geogebra to represent the first three and last three values for the 
sequence of products in the solution of Problem 3. 
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Noting that the last few products form a decreasing sequence, the students got 
the intuitive conclusion – there must be a maximum in between. Because the 
increments are symmetric on both sides of the sequence, they answered that the 
maximum should be in the middle, i.e., the maximum will be the product 
25 25 . Some of the students confirmed this answer graphically, not knowing 
that they were actually drawing a quadratic function and finding its maximum 
(Figure 1). 

Problem 4. Theatre tickets. A youth cultural center organizes a show, 
and the members want to invest the money from the tickets in new equipment. 
The capacity of the hall is 200 guests. At least 75 tickets will be sold to 
members of the drama society. It is expected that at least three times as many 
guests will be members of the drama society, compared to the number of guests 
who are not members of the drama society. The entrance fee for members of the 
drama society is 30 denars, and the entrance fee for guests who are not members 
of the drama society is 50 denars. How many tickets should be sold to society 
members and how many to other guests in order to maximize the ticket 
revenue? 

Solution. This problem can be modeled as a linear programming problem. 
Let x  denotes the number of members, and y  denotes the number of non-
members of the drama society that have purchased a ticket, then the revenue that 
has to be maximized is 30 50x y . The constraints of the problem are: 

200x y  (the capacity of the hall is 200 guests), 75x  (at least 75 tickets 
are sold to members), 3x y  (at least three times as many guests are members, 
compared to the number of guests who are not-members) and clearly 0x , 

0y , for ,x y  - integers. Since this is a linear programming problem with two 
variables, we can solve it graphically. We draw the feasible region to determine 
its vertices: (75,0),(200,0),(150,50),(75,25)  (Figure 2). By the Fundamental 
theorem of linear programming, [1], the maximum of the objective function is 
attained at a vertex of the feasible region. Since the objective function 
30 50x y  attains its maximum 7000 at (150,50) , the answer is that 150 tickets 
should be sold to members and 50 tickets should be sold to non-members to 
maximize the revenue. 

Analysis of students’ answers. Linear programming is not in the high 
school curriculum, so here is how students try to solve this problem. As in 
Problem 2, students easily modeled the objective function and constraints by 
answering the following questions:  
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 How many unknown variables are in the problem? Name them. 
 How the revenue can be represented? 
 What are the conditions that the unknowns must satisfy? (What are the 

constraints?) 
 

 
Figure 2. The feasible region of Problem 4. 

 

Then, the problem was solved with different approaches from the students 
of different ages. The students from the first year, with knowledge of just linear 
equations and linear inequalities, tried to follow their intuition, which was “to 
check the boundaries”. They started with the idea for using the maximum 
capacity of the hall, i.e., assuming 200x y . Then substituting 200x y  
in the other inequalities, they got 200 3y y , i.e., 200 4y   from where 

50.y  Again, to achieve maximum revenue from the more expensive tickets, 
they said that 50,y  which means that 150.x  In this case, the intuition leads 
to the correct answer, although the solution is not complete. For instance, the 
constrained 75x  was not analyzed. The more complete solution was given by 
the older students. 

The students from third year had studied analytic geometry, so they got 
the specific assignment to represent the feasible region of the problem 
graphically (Figure 2) and to think about the relative position of the line 
30 50x y r  that is representing the revenue, with the feasible region. Using 
dynamic simulation in Geogebra, they got the following conclusion:  
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The line 30 50x y r  passes through the feasible polygon for values of 
r  that correspond  with  feasible  solutions. The  maximum  revenue r   is 
obtained at the feasible point ( , ) (150,50)x y . 

Problem 5. Magazine subscriptions. The price of a magazine affects 
production and demand. This means that if the price goes up, the demand is 
decreasing. For example, a fashion magazine currently has 84000 subscribers 
who pay 30 euros each for a three-month subscription to the magazine. Market 
research predicts that if the price of a three-month subscription increases to 70 
euros, then the magazine will lose 48000 subscribers. If we assume that the 
number of subscribers is linearly dependent on the price of the subscription, 
how much should the quarterly magazine subscription cost for the company to 
earn maximum revenue? 

Solution. Since the number of subscribers y  is linearly dependent of the 
price x  of a three-month subscription, we can put: y ax b , where a  and b  
are parameters that have to be determined. By solving the system of linear 
equations: 84000 30a b , 36000 70a b , we have that the linear 
dependence is 1200 120000y x . The problem is to find x  that maximizes 
the product x y  subject to 1200 120000y x , which is equivalent to find x  

that maximizes the product ( 1200 120000)x x 21200 120000x x . As in 
Problem 3, we find that 50x  maximizes the last quadratic function. The 
answer is that with the three-month subscription of 50 euros, the revenue will be 
maximized.       

Analysis of students’ answers. This problem was well suited to the 
students of third year, who used the formula for equation of a line through two 
points to represent the relation between the price x  of the subscription and the 
number y  of the subscribers. The younger students also figured out this 
dependence by using the slope formula and checking the form of the equation, 
substituting the coordinates of the given points or by solving the system of 
linear equations as in the above solution. After finding the product that has to be 
maximized, students factorized it as: 21200 120000 1200 ( 100).x x x x  
Then they found that the zeros of the function are 0 and 100, and after checking 
few more numbers in between, the students intuitively got the answer that the 
extreme is in the middle of the interval [0, 100].  
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Problem 6. Camping tent. A tent is constructed with 3m long rods as in 
the given drawing. What should be the size of the angle  at  the  base of the 
triangular tent to  maximize  the space at the top, giving more room under the 
tent?  

 
Solution. The problem is to find the angle  that maximizes the area of 

the given triangle, that is 1 3 3 sin
2

. Since 90  maximizes the area, the 

answer is that the angle at the base of the given isosceles triangle should be 
equal to 45 . 

Analysis of students’ answers. All the students agreed that the maximum 
area of this triangle would afford maximum room under the tent. This turned out 
to be an easy exercise for the students that know the formula for area of a 
triangle using trigonometry functions, as in the above solution. For the younger 
students, this was a more time-consuming problem, but also an opportunity to 
have a chance to experiment with mathematics and make it more interesting. 
Namely, they made a proportional smaller model of the isosceles triangle with 
some objects (pencils, pens, etc.) and calculated the area of the triangle for 
different values of the angle in between the equal sides. Changing the angle, 
they measured the length of the third side (the base), and they calculated the 
area of the triangle by using the Heron’s formula. Some groups needed more 
time, but some groups found the best approximation with fewer experiments. 

From the students’ solutions, it is obvious that students can understand 
and solve some of the optimization problems, by using their mathematics 
knowledge, even if they haven’t learnt any topics about optimization in their 
curriculum. For some of the problems, a guidance through the solution was 
needed, usually in a form of questions that lead to the mathematical model and 
solution algorithm. However, in order to verify the result mathematically i.e. to 
be sure that the mathematical model and solution algorithm are correct, there is 
a need for optimization topics in the curriculum.   
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More detailed analysis of students’ answers and behavior are summarized 
in Table 2, where “Nobody” refers to 0-20% of the students, “Some” refer to 
20-50% of the students, “Majority” refer to 50-80% of the students and “All” 
refer to 80-100% of the students. The quality of students’ solutions is 
“measured” by comparing their answers with the solution of the problem, taking 
into account that different solutions of a problem are possible. The level of 
motivation is “measured” with the average duration of time spent on solving the 
problem and questions asked while solving the problem. 

 

Problem Students’ answers 
Students use recent studied 

mathematics concepts 
Students are motivated during 

solving the problem 
1 Nobody  All 
2  Majority  All 
3 Some Majority  
4  Some  Majority 
5 Some   Some  
6  Majority  All 

Table 2. Summarized analysis of students’ answers of the problems. 
 

From the results in Table 2, we can say that the students like to engage 
themselves in the optimization type of questions because they look familiar to 
their everyday situations, and they are curious about the final answer. That is 
why in almost all the problems, most of the students wanted to guess, try a 
value, discuss, and ask further questions. The first approach towards the 
solution was usually not the recent covered mathematical concept because 
(according to the teacher’s impression and later conversations with the students) 
the students do not intuitively feel that the given problem is something “so 
mathematical” and, they like to know the answer quickly. After the try-and-
guess techniques, the students who usually show better academic results in the 
subject, turn to the mathematical concepts - to solve the problem if they haven’t 
solved it before, or, to confirm their previously found solution with a 
mathematical model.  

We believe that both approaches are good in combination: to nurture 
curiosity and believe in intuition and tricks, but also rely on the theoretically 
supported models to ensure mathematically more complete solutions. The 
guidance questions included in Problem 2 showed that questions of that kind 
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can remind the students to use some specific mathematical concept, which is 
helpful into building the habit for it. But still, we do not always want to suggest 
the usage of these type of questions, because they could also restrict the 
students’ thinking and limit the students’ ideas, or influence their motivation in 
searching for alternate solutions. 

 

3.  CONCLUSION 
 

Encouraging students to look for outside-the-formula solutions is very 
beneficial for their development. That is why we believe that if they are given 
problems that they can understand and will be curious about, they will be 
persistent in finding the answer. That is the importance of the context in 
mathematical problems. The students must learn to analyze and organize 
problem situations and to apply mathematics flexibly in problem situations that 
are meaningful to them. From the point of view of the student, the problems 
must therefore be accessible, inviting, and worthwhile solving, [7].  

Our aim is to challenge the curiosity in students and lead them into using 
their knowledge in many variations. Mathematical thinking means looking at 
things carefully, looking for relationships between them, stripping them down to 
their essentials, whether it’s numerical, structural or logical and then analyzing 
the underlying patterns. Looking for the functional dependence of the figures in 
the pattern or the elements of the sequence is a step forward in the investigation 
and in practice of prediction skills. This practice will help students to connect 
already learned material to the new material, and students can become more 
confident and motivated by knowing that they could obtain new knowledge by 
themselves, [4]. Helping children to understand sequences may improve their 
fluid reasoning, and improved fluid reasoning could result in improved learning 
and academic performance. It is also possible that some cognitive ability other 
than fluid intelligence is involved, [5]. 

We believe that by assigning optimization problems to the students, 
except challenging them to apply their mathematical knowledge, we also help in 
development of the optimization mindset of the young people. By solving 
optimization tasks, students will practice decision-making and planning skills. 
Students of modern times are used to doing multiple activities simultaneously, 
so building awareness of optimization can significantly help them in the further 
management of future events and processes in their lives.  
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