Some results concerning the analytic representation of convolution
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Abstract. In this paper we will prove some results concerning the analytic representation of the
convolution of some functions.

1. Introduction
We use the standard notation from the Schwartz distribution theory.

The boundary value representation has been studied for a long time and from different

points of view.

One of the first result is that if f € L', then the function

f(z) = —<f()—> for Tm z = 0

271 —z

is the Cauchy representation of f i.e.
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lim < f(z +iy) — f(z —iy),o(x) >=< f,¢ >, forevery ¢ € D.

y—0"

If f,g €L then f‘f(z - y)g(y)‘dy < oo for almost all X .
R

For these , h(z) = ff(a:—y)g(y)dy belongs to L'(R) and HhH1 < Hle Hng

R

called the convolution of fand ¢ and we write h = f % g . It is proven that the function

F(z,y) = f(z — y)g(y) Is a Borel function on R” , and that
J o f[1P )z = [low)dy [ e =)z = 1] lo],
R R R R

since f ‘ flz — y)‘ dr = Hf Hl for every y € R'by the translation-invariant of the Lebesque
R

measure. Thus F € LI'(R®) and Fubini’s  Theorem  implies that the integral

f fly) y)dy exists for almost all z € R' and that A € L'(R"). Finally

%:£M@M§£“{F@W@:{@£ﬂ%wﬂzfﬂl

If fel'(R) ge I’(R) for 1 < p < oo then foralmost all y € R', the functions of y,

f(z —y)g(y) and f(y)g(x —y) are in L'(R). For all such z, we have f*xg=gxf ae,
where (f=g)( ff T —

fxgell and Hf*ngS

and (g« f)(2) = [ gz —y)f(v)dy.

R

As above, f(z —y), g(y) and h(x) are Borel function in R*, and so are their product taken two at a

time and the function f(z —y) g(y)h(z).

The proof that h = f * g belongs to I’ for 1 < p < oo is given in [1}



2. Main results

We will prove some results concerning the analytic representatSion of the convolution
h=fxgforf,g€ Ll and fEL, geI.

Theorem 1. Let fand g be in L' and let h =g+ f= f*g. Then h has Cauchy

representation

&@:33f:f9ﬁ:jj@&z—mu:jg@}@—wmz:x+wﬁmz¢o
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Proof. We have to show that

A A
lim | [A(z + 1y) — h(z —iylp(x)de =< h,p > ,for ¢ € D.

y—0"

A

A A
f, g € L' impliesthat f and g existand h € I'. Consequently A exist. Thus

lim [lAl(x + iy) — A(a: —iylp(x)dr =

yHO+

f 27Tzf t—z QWthh_(t)Z)SO(:E)ah:

fQD d:z:f 27mf & t—uz_t lef‘Wdu]dt.

Since the integrals exist, Fubini's Theorem implies that

A

lim | [h(z + iy) — A(IL“ — iylp(z)dz

yﬂ(ﬁ

godxfdu dtﬁ
J et [ e

e

[ fwdu [ glu— 1)t + iyt




A
Since ¢(t + iy) — ¢(t) as y — 0 uniformly on compact subset in the sense of D, we get that

A

lim | [h(z + iy) — A(:10 — iylp(z)dr =

y—0*

ff dufgu—t
ff u—tdufgo

f(f * g)(t)p(t)dt =<f* g, >=<h,po >.

So, the proof is complete.

Theorem 2. Let f € L'(R) and g € I’(R) and let h = f*g. Then h has the Cauchy

A
representation h(z) = Lf At) dt ,z =2z + 11y, Imz = 0.
2miY L — 2

Proof. For ¢ € D,

lim [}AL(ZL' +1y) — iAL(x — ylp(z)dx =
1]R ht)  h(t)

omi (t_z o dtle(e)de =
R Qj”(f f t:tdu et t(_z D 1))

The above integrals exist by the Holder inequality, hence applying Fubini’s theorem, we may change the
order of integration and get that

>

lim | [A(z + iy) — iAz(a: — iylp(z)dz =

y—0"

! (SO dxff dufgu—t

27712 t—z t—z

#(7) dxffudufgu—t

\—z

A

Now by the Lema 5.4 [1], we get that = Y f—d:ﬁ = ¢(t + iy) and that
t—2z



A

ff(u)duf g(u —t)p(t + iy)dt converges to ff(u)duf glu —t)p(t)dt.

R R

Finally, with one more use of Fubini’s theorem, we get

lim [fAL( +iy) — }AL(ZB — ylp(z)dz =

uﬂm

J et oy [ oy ff*g><>so<t>dt=<f*g,go>f

We denote by Lg = {g g isa measurable function on R and 9 ep , where Q is a function

without real roots.

Theorem 3. Suppose that f € LI(R) , Q is a function without real roots and g is measurable function

on R that belongs to the space Lg. The convolution of the functions f € L and ge L7,

i=refgl wer Ml w

. 1 1
representation h(z) = —— < h,
2mi t—2z

>

Proof. The fact that h € IV

Let ¢ € D be arbitrary function. Then we have

A

lim | [h(z + i) — iAL(as — ielp(x)dxr =

Elirg f[gjm f(thﬁt)z - thft)z)dt]@(x)dx =

slirngWth_fo tdu—27”ft_sz du]@()

R R

Since the integrals exist, by Fubini’s theorem, we may change the order of integration and get

, < H f H1 H g(Q)Hp can be easily proven as in the introduction part.

Cauchy



A

lim [ [A(z + i) — A(:c —ielp(z)dz

e—0"
iy [t 10 G-
N —Z R
z)d — 1)
L fgzz_t
mY [y dx
lim ¥ ft_z Lﬂ/;f dudt

By the Lebesque dominated convergence theorem and the Lema 5.4 in [1], we have that

lim [lAz(x +ic) — (:c —iclp(z)dr = ff u)duf 9(u (t)dt..

e—0"

One more application of Fubini’s theorem gives that

lim [fAL(x + ie) — iAL(x —iclp(x)dr =

~>O+

ff dufgpt)dt

f(f*ixt)so(t)dt =<fxd p>=<hy>.
G Q
Note. In similar way, it can be proven another version of this theorem. Namely, if ¢ € I and if [ is

measurable function such that f / p € L' then the convolution (f / p)* g € I/ and also as before it is

proved that has Cauchy representation.
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